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OS . ABSTRACT 

| I discuss two techniques that can be used in the investigation of the properties of 

D ■ "colliding" and "non-colliding" anyons. 
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\ 1. Introduction 

Several definitions of anyonsS have been given in the literature (for a recent anal- 
ysis of the different possible definitions of these planar particles, see Ref. [2]). In this 
paper I discuss anyons in the "boson gauge"™3, and therefore they are described as 
bosons interacting through the mediation of an abelian Chern-Simons gauge field, i.e. 
Q\ [ the "free anyon Hamiltonian" is (for anyons of unit mass) 

H = \ En (Pn - , (1) 

< = -^^m^" o<u<i, 

m > '■ 

where r n = (r*, r£) is the position vector of the n-th anyon, and v is the "statistical 
5_i ■ parameter" , which characterizes the anyon statistics™! 

In the plane also fermions can be described as bosons interacting as in ([!]) with 
the particular choice of the statistical parameter v — 1. Ordinary planar bosons 
obviously correspond to ([]]) with v = 0. The fact that the (non-integer) values of the 
statistical parameter v that correspond to anyons interpolate between the bosonic 
[y = 0) and the fermionic iy = 1) limit plays an important role in anyon physics, and 
I exploit it in the following. 

Whereas for bosons (fermions) it is well understood that the wave functions do 
not have to (have to) vanish at the "points of overlap", which are the points of 
configuration space where some of the particle positions coincide, the situation is 
more complex in the case of anyons§. For conceptual simplicity, in a large majority of 
studies only "non-colliding anyons" (i.e. anyons whose wave function vanish at the 
points of overlap) have been considered; however, in this paper anyonic wave functions 
are only required to be consistent with the physical conditions that they be square 
integrable and diverge at most at a finite number of points, and the Hamiltonian be 



self-adjoint? In particular, as discussed in Refs.[5,6], these conditions imply that the 
wave functions^describing the relative motion of two anyons must satisfy the following 
boundary condition at the point of overlap (r = 0) 

= , (2) 

r=0 

which can be equivalently expressed as the following requirement on the form of ip 
for r ~ 

V>(r) a{r M + rf H r" M ) for r ~ . (3) 

R, the "self-adjoint extension scale" f is a reference scale with dimensions of a length, 
w, the "self-adjoint extension parameter", is a dimensionless real parameter which 
characterizes the type of boundary condition, and a is a constant. Note at the "critical 
points" w = 0, which corresponds to the conventional non-colliding anyons, and w ~ oo 
the theory becomes scale invariant (i.e. it is independent of the scale R). 

I am now ready to give more rigorously the definition of anyons adopted in this 
paper; they are particles described by wave functions satisfying boundary conditions 
of the type (Q), whose free evolution is governed by H given in (|I|). (Obviously in 
presence of interactions described by a potential V the evolution is governed by the 
Hamiltonian H + V.) Given a self-adjoint extension scale R the anyons defined in this 
way are characterized by two numbers, the statistical parameter v and the self-adjoint 
extension parameter w. In the following I discuss a field theoretical and a quantum 
mechanical method of investigation of the properties of these particles. 
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2. Non-Relativistic Field Theory 

In this section, I discuss a field theoretical method of investigation of anyons. Let 
me start by considering the Lagrange density 

C = -^-e a ^A a d p A 1 + itfD t <j> - i(D0)t • D0 , (4) 

where is a complex bosonic field, (A, Aq) is an auxiliary^ abelian Chern-Simons 
gauge field, and D t = dt+iAo and D = V — iA are the covariant derivatives. 

In Refs.[8,9] it was shown that renormalizability requires that a contact term 
— 7r^6(0V) 2 be added to C. The renormalized s-wave two-particle scattering amplitude 

*In the case of free bosons and free fcrmions these physical conditions are sufficient to determine! 
the behavior of the wave functions at the points of overlap. 

^Note that one can easily seeO that for non-s-wave functions square integrability is only consistent 
with the "0(0) = boundary condition; therefore, these generalized boundary conditions only affect 
the s-wave part of calculations. 

*As clarified in Refs.[5,6], this discussion of the boundary conditions for anyons is an application of 
the method of self-adjoint extension of the Schrodinger Hamiltonian. 



was calculated to two-loop order in Ref . [6] ; including the appropriate kinematic factor 
it can be written as 

^,2-loop = " {9r ~ f P 2 - i9r P 2 + (g* ~ P ") (in J - f ) + 9r & -p 2 ) (in J - f ) (5) 

where p is the relative momentum, e is the usual cut-off used in dimensional regular- 
ization, p is the renormalization scale, and g r is the two-loop renormalized contact 
coupling which is defined in terms of the bare contact coupling g\, by the relation (7 
denotes the Euler constant) 
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g b - id - P 2 Ki - + M - p 2 )(i - , (6) 



Note that only at the critical values g r = ±p of the renormalized contact coupling 
the scale invariance of the classical theory is preserved at the quantum level. 

In order to show how to use the results of this field theory in the study of anyons, 
let me compare Eq.@ to the exact s-wave scattering amplitude of anyons. This 
scattering amplitude can be evaluated exactly by using a rather straightforward gen- 
eralization of the analysis given in Ref. [10], which concerned the special case w = 0; 
one finds! that 
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v\ 3 ^-W\ 3 ^^ (lnf + 7 -f ) +0(i/ 4 )} . (7) 



If one uses the relations 

, 1 — u> 



P = f , 9r = \V\ 



1 + W 



P=TT- (9) 
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the two- loop field theoretical result (H) reproduces exactly the 0(i/ 3 ) approximation 
of the exact result (0). This indicates that the field theory discussed in this sec- 
tion describes anyons of statistical parameter p and self-adjoint extension parameter 
(\p\ — g r )/{\p\ + 9r) a t a self-adjoint extension scale 2p~ 1 e~' y . 

Further insight into the correspondence between the anyon quantities w,R and the 
field theoretical quantities g r ,p can be gained from the following observations. First, 
notice that, using the renormalization-group equation which states that the scattering 
amplitude obtained in field theory is independent of the choice of the renormalization 
scale p, one can derive the following beta function for the coupling g r 



(10) 



Eg. ([T0|) , which indicates that g r and p are not physically independent, can be inte- 
grated to give the relation 



\p\ +9r(Hl) 2\p\ _ \p\±9rip2) 2\p\ nu 

\p\-9AP\) \p\-g r (p 2 ) 

Similarly in the exact result (0) R is only a reference scale, and obviously physics 
must be independent of the choice of R. Indeed, all physical quantities (see, for 
example, Eqs.(||) and (^)) depend on w and R only through the product wR 2 ^, and 
the independence of physics on the choice of R is in the fact that if R is changed from 
a value R\ to a value R 2 this must be accompanied by a corresponding change of w 
as described by the relation 

w^) Rl M = w(R 2 ) R 2 2 Wl . (12) 
Clearly, the Eqs.flTTl) and ([12|) are perfectly consistent with the relations (||) and (H). 

3. Quantum Mechanics 

The ideas discussed in the preceding section are also useful in quantum mechanics, 
leading to a quantum mechanical approach to the study of anyons. For simplicity in 
this section I discuss this approach only in the case of the conventional non-colliding 
anyons (w = 0), which allows a scale invariant analysis. However, one can straight- 
forwardly verify that, like in the field theory case, the approach can be generalized to 
the study of "colliding anyons" (w ^ 0). 

Let me start by considering the Hamiltonian 



H 2 = + r 2 = - W) - Ifl} + r 2 - 2 Jd, + g . (13) 



H( ree is the two-body relative motion Hamiltonian of the quantum mechanical formu- 
lationB of the non-relativistic field theory with Lagrangian £ (see Eq.(fD) discussed in 
the preceding section. The r 2 term describes an harmonic interaction and discretizes 
the spectrum. 

In the perturbative calculations about p = 0, one runs into an inconsistency 

2 

because the matrix elements of ^ between 0-th order in p s-wave functions (i.e. s- 
wave functions of bosons in an harmonic potential) are logarithmically divergent; for 
example, to second order in p, one of the contributions to the energy of the state with 
n = 2 and I = is given by (L^ are Laguerre polynomials) 

< *si4i»8 > = f f r * # ^ 4 e 4- L^, 

T JO JO 7T2 T 7f2 

= 2p 2 r 6Xp( ~ r2) dr ~ oo . (14) 



One can easily see 11-15 that these divergences are closely related to the ultraviolet 
divergences encountered in the field theoretical calculations based on the Lagrangian 
of Eq.(f|), and it is therefore not surprising that they also can be cured by introducing 
a contact interaction 11-15 . The renormalizable Hamiltonian is 



Zjren 
H 2 



= — dr (rd r ) - -dl 



^- 2 -^d 4> + 27:g^ 2 \v) + P - = H 2 + 2ixg b 5^{v) , (15) 



where 2ngi ! 5^(r) is the two-body quantum mechanical counterpart of the —rrgt 
contact term of the field theory discussed in the preceding section. 

Unlike H 2 , H^ 11 is suitable for perturbation theory; in fact, with an appropriate 
choice of the contact coupling (which corresponds to the identifications (|5p and (|])), 
the added 5-function potential leads to divergencies which cancel those introduced by 
the p 2 /r 2 term. 

Let me look at some calculations for the state with n = 2 and 1 = 0, which will 
also illustrate this mechanism of cancellation of divergencies. The first order energy 
is given by 



E% = <¥ 2 °J ) \-^d, + 2, gb 8^\v)\^> 
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Concerning the first order eigenfunction one easily finds 
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The second order energy is given by 
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E?£ ] = < *$l - 2 Jd, + 2^( 2 >(r) |*g > = < *g| 2^%) |*$ > 
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Note that I introduced a cut-off e (which must be ultimately removed by taking the 
limit e — > 0) in order to see the cancellation of infinities and evaluate the left-over 
finite result. In general a similar cut-off must be introduced in all the divergent matrix 
elements of r~ 2 and (r) by using 

/oo poo | poo p'Zt, I 

/ dr x dr y — f(r Xl r y ) =\im I / r dr d(f) — f(r cos (f),r sin <fi) , (21) 
-ooJ-oo e-*oy e Jo 

/OO /*00 *r <r 

^ y ^ rfr x dr y 5^(v) f(r x , r y ) = lim f(-^=, -j=) . (22) 

I am now ready to check that the quantum mechanical approach discussed in this 
section can describe non-colliding (w = 0) anyons. Indeed the problem of two non- 
colliding anyons in an harmonic potential has been solvedtl, and in particular it has 
been found that 

£ a , = (10 + 2|i/|) , (23) 

1*2,0 >= AT 2)0 rH 4V) , (24) 

where A^o is a normalization constant. 

It is easy to verify that Eqs.(^3f) and fl2~4j) are in perfect agreement with Eqs.flloT), 
(H3); (HID) (HD) an d (P0|) once the identifications (§) are taken into account. 

Note that, as shown in Ref. [14], the results obtained in this section for the two- 
body Schrodinger problem can be easily generalized to iV-body Schrodinger problems; 
one finds that if Hn is the original Hamiltonian, a renormalizable perturbation theory 
requires the use of the Hamiltonian H^f n , given by 

H 5 N = H N + 27rg b ]T 5 (2) (r n - r m ) . (25) 



Also note that my choice of discussing eigenenergies and eigenf unctions in this 
section instead of the scattering amplitudes considered in the preceding section was 
only an expedient to show the general validity of these techniques. Indeed, as indi- 
cated by results of Ref. [12], also the two-anyon s-wave scattering amplitude can be 
calculated using this renormalized perturbation theory in quantum mechanics. 



4. Conclusion 



I have discussed a field theoretical and a quantum mechanical technique for the 
investigation of colliding (w ^ 0) and non-colliding (w = 0) anyons. 



The results presented here are also relevant to the issue of which boundary condi- 
tions at the points of overlap are most natural in the case of anyonstM. Indeed, the 
results of Sec. 2 and 3 establish descriptions of colliding anyonsa, i.e. they identify the 
strength of the contact coupling g r which (at a given scale) is to be used in the calcu- 
lations in order to describe anyons whose wave functions satisfy the non-conventional 
boundary conditions corresponding to self-adjoint extension parameter w. We have 
seen that in the field theoretical approach (and one can show that this holds also 
for the quantum mechanical approach) there appears to be no reason for restricting 
oneself to the case of the conventional non-colliding anyons^ the ones whose wave 
functions vanish at the points of overlap. 

As indicated by results presented in Ref . [6] , the techniques here discussed for the 
investigation of anyons can be rather straightforwardly generalized to the case of "non- 
abelian anyons" (also called "NACS particles" 10), which are particles that can be 
described as bosons interacting through the mediation of a non-abelian Chern-Simons 
gauge field. 
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